Abstract. We prove that one of the conditions in M. V. Zaicev's formula for the PIexponent and in its natural generalization for the Hopf PI-exponent, can be weakened. Using the modification of the formula, we prove that if a finite dimensional semisimple Lie algebra acts by derivations on a finite dimensional Lie algebra over a field of characteristic 0, then the differential PI-exponent coincides with the ordinary one. Analogously, the exponent of polynomial G-identities of a finite dimensional Lie algebra with a rational action of a connected reductive affine algebraic group G by automorphisms, coincides with the ordinary PI-exponent. In addition, we provide a simple formula for the Hopf PI-exponent and prove the existence of the Hopf PI-exponent itself for H-module Lie algebras whose solvable radical is nilpotent, assuming only the H-invariance of the radical, i.e. under weaker assumptions on the H-action, than in the general case. As a consequence, we show that the analog of Amitsur's conjecture holds for G-codimensions of all finite dimensional Lie G-algebras whose solvable radical is nilpotent, for an arbitrary group G.
Introduction
The intensive study of polynomial identities and their numeric invariants revealed the strong connection of the invariants with the structure of an algebra [2, 7, 8, 20] . If an algebra is endowed with a grading, an action of a Lie algebra by derivations, an action of a group by automorphisms and anti-automorphisms, or an action of a Hopf algebra, it is natural to consider graded, differential, G-or H-identities [3, 4, 5, 17] .
In 2002, M. V. Zaicev [20] proved a formula for the PI-exponent of finite dimensional Lie algebras over an algebraically closed field of characteristic 0. It can be shown [9, 11, 12] that, under some assumpions, the natural generalization of the formula (see Subsection 3.2) holds for the exponent of graded, differential, G-, and H-identities too. In Subsection 3.3 we prove that one of the conditions can be weakened, which makes the formula easier to apply.
In [12] , the authors showed that if a connected reductive affine algebraic group G acts on a finite dimensional associative algebra A rationally by automorphisms, then the exponent of G-identities coincides with the ordinary PI-exponent of A. Also, if a finite dimensional semisimple Lie algebra acts on a finite dimensional associative algebra by derivations, then the differential PI-exponent coincides with the ordinary one. Using the modification of M. V. Zaicev's formula, we prove the analogous results for finite dimensional Lie algebras (Theorems 4 and 5 in Section 4).
In Section 5 we consider finite dimensional H-module Lie algebras L such that the solvable radical of L is nilpotent and H-invariant. We prove the analog of Amitsur's conjecture for such algebras L and provide a simple formula for the Hopf PI-exponent of L.
Polynomial H-identities and their codimensions
Let H be a Hopf algebra over a field F . An algebra A over F is an H-module algebra or an algebra with an H-action, if A is endowed with a homomorphism H → End F (A) such that h(ab) = (h (1) a)(h (2) b) for all h ∈ H, a, b ∈ A. Here we use Sweedler's notation ∆h = h (1) ⊗ h (2) where ∆ is the comultiplication in H. Example 1. If M is an H-module, then End F (M) is an associative H-module algebra where (hψ)(v) = h (1) ψ((Sh (2) )v) for all h ∈ H, ψ ∈ End F (M), and v ∈ M. (Here S is the antipode of H.)
We refer the reader to [1, 6, 18, 19] for an account of Hopf algebras and algebras with Hopf algebra actions.
Let F {X} be the absolutely free nonassociative algebra on the set X := {x 1 , x 2 , x 3 , . . .}. Then F {X} = ∞ n=1 F {X} (n) where F {X} (n) is the linear span of all monomials of total degree n. Let H be a Hopf algebra over a field F . Consider the algebra
with the multiplication (u 1 ⊗ w 1 )(u 2 ⊗ w 2 ) :
We use the notation
. . x in (the arrangements of brackets on x i j and on x h j i j are the same). Here
. Note that if (γ β ) β∈Λ is a basis in H, then F {X|H} is isomorphic to the absolutely free nonassociative algebra over F with free formal generators x
Define on F {X|H} the structure of a left H-module by
is the image of h under the comultiplication ∆ applied (n − 1) times, h ∈ H. Then F {X|H} is the absolutely free H-module nonassociative algebra on X, i.e. for each map ψ : X → A where A is an H-module algebra, there exists a unique homomorphismψ : F {X|H} → A of algebras and H-modules, such thatψ X = ψ. Here we identify X with the set {x
Consider the H-invariant ideal I in F {X|H} generated by the set
Then L(X|H) := F {X|H}/I is the free H-module Lie algebra on X, i.e. for any H-module Lie algebra L and a map ψ : X → L, there exists a unique homomorphismψ : L(X|H) → L of algebras and H-modules such thatψ X = ψ. We refer to the elements of L(X|H) as Lie H-polynomials and use the commutator notation for the multiplication.
Remark. If H is cocommutative and char F = 2, then L(X|H) is the ordinary free Lie algebra with free generators x γ β i , β ∈ Λ, i ∈ N where (γ β ) β∈Λ is a basis in H, since the ordinary ideal of F {X|H} generated by (1) is already H-invariant. However, if
is not free as an ordinary Lie algebra.
Let L be an H-module Lie algebra for some Hopf algebra H over a field F . An H-polynomial f ∈ L(X|H) is a H-identity of L if ψ(f ) = 0 for all homomorphisms ψ : L(X|H) → L of algebras and H-modules. In other words, f (x 1 , x 2 , . . . , x n ) is a polynomial H-identity of L if and only if f (a 1 , a 2 , . . . , a n ) = 0 for any a i ∈ L. In this case we write
. (All long commutators in the article are left-normed, although this is not important in this particular case in virtue of the Jacobi identity.) The number c
is called the nth codimension of polynomial H-identities or the nth H-codimension of L.
The analog of Amitsur's conjecture for H-codimensions of L can be formulated as follows.
We call PIexp H (L) the Hopf PI-exponent of L. Here we list three important particular cases:
Example 2. Every algebra L is an H-module algebra for H = F . In this case the Haction is trivial and we get ordinary polynomial identities and their codimensions. (See the original definition e.g. in [2] .) We write c n (
Example 3. If H = F G where F G is the group algebra of a group G, then an H-module algebra L is an algebra with a G-action by automorphisms. In this case we get polynomial G-identities and G-codimensions. We write c
Note that one can consider G-actions not only by automorphisms, but by anti-automorphisms too and define polynomial G-identities and Gcodimensions in this case as well. (See e.g. [11, Section 1.2].) Example 4. If H = U(g) where U(g) is the universal enveloping algebra of a Lie algebra g, then an H-module algebra is an algebra with a g-action by derivations. The corresponding H-identities are called differential identities or polynomial identities with derivations.
3. Two formulas for the Hopf PI-exponent 3.1. H-nice Lie algebras. The analog of Amitsur's conjecture was proved [11] for a wide class of H-module Lie algebras that we call H-nice (see the definition below). The class of H-nice algebras includes finite dimensional semisimple H-module Lie algebras, finite dimensional H-module Lie algebras for finite dimensional semisimple Hopf algebras H, finite dimensional Lie algebras with a rational action of a reductive affine algebraic group by automorphisms, and finite dimensional Lie algebras graded by an Abelian group (see [11] ).
Let L be a finite dimensional H-module Lie algebra where H is a Hopf algebra over an algebraically closed field F of characteristic 0. We say that L is H-nice if either L is semisimple or the following conditions hold:
(1) the nilpotent radical N and the solvable radical R of L are H-invariant; (2) (Levi decomposition) there exists an H-invariant maximal semisimple subalgebra B ⊆ L such that L = B ⊕ R (direct sum of H-modules); (3) (Wedderburn -Mal'cev decompositions) for any H-submodule W ⊆ L and associative H-module subalgebra A 1 ⊆ End F (W ), the Jacobson radical J(A 1 ) is H-invariant and there exists an H-invariant maximal semisimple associative subalgebraÃ
Original formula. Let L be an H-nice Lie algebra over an algebraically closed field
where the maximum is found among all r ∈ Z + and all I 1 , . . . , I r , J 1 , . . . , J r satisfying Conditions 1-2.
In [11, Theorem 9, see also Section 1.8] the following theorem is proved:
Theorem 1. Let L be a non-nilpotent H-nice Lie algebra over an algebraically closed field F of characteristic 0. Then there exist constants
n for all n ∈ N.
In particular, there exists PIexp
Proof. Since R is solvable, by Lie's theorem, there exists a basis of L such that the matrices of all operators ad a, a ∈ R, are upper triangular. Denote the corresponding isomorphism
is the associative algebra of upper triangular s × s matrices. However, UT s (F ) = F e 11 ⊕ F e 22 ⊕ · · · ⊕ F e ss ⊕Ñ whereÑ := e ij | 1 i < j s F is a nilpotent ideal. Since ψ is an isomorphism, there is no subalgebras in A 0 isomorphic to M 2 (F ), andÃ 0 = F e 1 ⊕ · · · ⊕ F e q (direct sum of ideals) for some idempotents e i ∈ A 0 . Since [B, S] = 0 and e i are polynomials in ad a, a ∈ S, we have [ad B,Ã 0 ] = 0. The semisimplicity of B implies (ad B) ∩Ã 0 = {0}. Now we treat (ad B) ⊕Ã 0 as an H-module Lie algebra. We replace Condition 2 of Subsection 3.2 with Condition 2' below:
where the maximum is found among all r ∈ Z + and all I 1 , . . . , I r , J 1 , . . . , J r satisfying Conditions 1 and 2'. Theorem 2. Let L be an H-nice Lie algebra over an algebraically closed field
Hence we may assume that L satisfies Conditions 1-4 of Subsection 3.1.
We prove that there exist r ∈ R,
n for all n ∈ N. We take H-invariant ideals I 1 , . . . , I r and J 1 , . . . , J r satisfying Conditions 1 and 2' such that dim Hence d ij ∈ J(A). Moreover,T k that we have chosen by Condition 2', are H-invariantBsubmodules, and we use them in [11, Lemma 17] . The rest of the proof is the same as in [11, Section 6] . Finally, we have PIexp
, and the theorem is proved.
Lie G-algebras and Lie algebras with derivations
In [12, Theorem 7] , the authors proved the existence of the differential PI-exponent for finite dimensional Lie algebras with an action of a finite dimensional semisimple Lie algebra by derivations. Here we prove that the differential PI-exponent coincides with the ordinary one.
Theorem 3. Let L be a finite dimensional Lie algebra over an algebraically closed field F of characteristic 0. Suppose a Lie algebra g is acting on L by derivations, and L is an
Remark. If a reductive affine algebraic group G is rationally acting on L by automorphisms, then L is an F G-nice algebra [11, Example 6] . Hence if G is connected and g is the Lie algebra of G, then by [15, Theorems 13.1 and 13.2], L is an U(g)-nice algebra. In particular, a finite dimensional Lie algebra L with an action of a finite dimensional semisimple Lie algebra g by derivations is always an U(g)-nice algebra, since there exists a simply connected semisimple affine algebraic group G rationally acting on L by automorphisms, such that g is the Lie algebra of G and the g-action is the differential of the G-action (see e.g. [ 
If we treat differential and ordinary multilinear Lie polynomials as multilinear functions on L, we obtain c n (L) c
By Lemma 2, L is a completely reducible (ad B)⊕Ã 0 -module. Hence T k = T k1 ⊕T k2 ⊕. . .⊕T kn k for some irreducible (ad B) ⊕Ã 0 -submodules T kj . Therefore we can choose 1
Denote by L 0 , B 0 , R 0 , g 0 , respectively, the images of L, B, R, g in gl(I k /J k ). Note that B 0 and R 0 are, respectively, semisimple and solvable. Hence L 0 = B 0 ⊕R 0 (direct sum of g-submodules) where g-action on gl(I k /J k ) is induced from the g-action on I k /J k and corresponds to the adjoint action of g 0 on gl(I k /J k ). In particular, R 0 is a solvable ideal of (L 0 + g 0 ) and B 0 is an ideal of (B 0 + g 0 ). Note that I k /J k is an irreducible (L 0 + g 0 )-module. By E. Cartan's theorem [13, Proposition 1.4.11], L 0 + g 0 = B 1 ⊕ R 1 (direct sum of ideals) where B 1 is semisimple and R 1 is either zero or equal to the center Z(gl(I k /J k )) consisting of scalar operators. Considering the resulting projection (L 0 + g 0 ) → R 1 , we obtain B 0 ⊆ B 1 . Since R 0 ⊆ R 1 consists of scalar operators, B 0 is an ideal of (L 0 + g 0 ) and B 1 .
SinceĨ k /J k is an irreducible (ad B) ⊕Ã 0 -module andÃ 0 is acting on I k /J k by scalar operators,Ĩ k /J k is an irreducible B 0 -and L-module. In particular,Ĩ k is an ideal. Note thatĨ 1 ,Ĩ 2 , . . . ,Ĩ r , J 1 , J 2 , . . . , J r satisfy Conditions 1 and 2' for H = F , i.e. for the case of ordinary polynomial identities. Moreover,
.
Analogs for associative algebras of Theorems 4 and 5 below were proved in [12, Theorems 15 and 16].
Theorem 4. Let L be a finite dimensional Lie algebra over a field F of characteristic 0. Suppose a finite dimensional semisimple Lie algebra g acts on L by derivations. Then
Proof. are linearly independent modulo Id U (sl 2 (F )) (sl 2 (F )).
Theorem 5. Let L be a finite dimensional Lie algebra over an algebraically closed field F of characteristic 0. Suppose a connected reductive affine algebraic group G is rationally acting on L by automorphisms. Then PIexp
Proof. Note that the Lie algebra g of the group G is acting on L by derivations. By [12, Lemma 5] , c
Remark. In Theorem 5 one could consider the case when G is acting by anti-automorphisms too. However, in this case Theorem 6. Let L be a finite dimensional non-nilpotent H-module Lie algebra where H is a Hopf algebra over a field F of characteristic 0. Suppose that the solvable radical of L coincides with the nilpotent radical N of L and N is an H-submodule. Then there exist constants d ∈ N, C 1 , C 2 > 0, r 1 , r 2 ∈ R such that
Moreover, if F is algebraically closed, the constant d is defined as follows. Let
where B i are H-simple Lie algebras and let κ : L/N → L be any homomorphism of algebras (not necessarily H-linear) such that πκ = id L/N where π : L → L/N is the natural projection. Then Remark. Note that by [12, Lemma 9] , every differential simple algebra is simple. By [12, Lemma 10], a G-simple algebra is simple for a rational action of a connected affine algebraic group G. Therefore, Theorem 6 yields another proof of Theorems 4 and 5 for the case R = N since in the conditions of the latter theorems there exists an H-invariant Levi decomposition and we can choose κ to be a homomorphism of H-modules.
Corollary. Let L be a finite dimensional non-nilpotent Lie algebra over a field F of characteristic 0 with an action of a group G by automorphisms and anti-automorphisms. Suppose that the solvable radical of L coincides with the nilpotent radical N of L. Then there exist constants d ∈ N, C 1 , C 2 > 0, r 1 , r 2 ∈ R such that
Proof. By [11, Lemma 28], we may assume that G is acting by automorphisms only. Now we notice that radicals are invariant under all automorphisms. Hence we may apply Theorem 6.
Corollary. Let L be a finite dimensional non-nilpotent Lie algebra over a field F of characteristic 0 with an action of a Lie algebra g by derivations. Suppose that the solvable radical of L coincides with the nilpotent radical N of L. Then there exist constants d ∈ N, C 1 , C 2 > 0, r 1 , r 2 ∈ R such that
Proof. By [16, Chapter III, Section 6, Theorem 7], the radical is invariant under all derivations. Hence we may apply Theorem 6.
The algebra in the example below has no G-invariant Levi decomposition (see [10, Example 12] ), however it satisfies the analog of Amitsur's conjecture.
Example 5 (Yuri Bahturin
Then L is a Lie algebra with an action of the group G = ϕ ∼ = Z by automorphisms and there exist constants C 1 , C 2 > 0, r 1 , r 2 ∈ R such that
Proof. G-codimensions do not change upon an extension of the base field. The proof is analogous to the cases of ordinary codimensions of associative [8, Theorem 4.1.9] and Lie algebras [20, Section 2] . Moreover, upon an extension of F , L remains the algebra of the same type. Thus without loss of generality we may assume F to be algebraically closed. Note that
is the solvable (and nilpotent) radical of L and L/N ∼ = sl m (F ) is a simple Lie algebra. Hence PIexp
The algebra in the example below has no L-invariant Levi decomposition (see [10, Example 13] ), however it satisfies the analog of Amitsur's conjecture.
Example 6. Let L be the Lie algebra from Example 5. Consider the adjoint action of L on itself by derivations. Then there exist constants C 1 , C 2 > 0, r 1 , r 2 ∈ R such that
Proof. Again, without loss of generality we may assume F to be algebraically closed. Since
5.2. S n -cocharacters and upper bound. One of the main tools in the investigation of polynomial identities is provided by the representation theory of symmetric groups. Let L be an H-module Lie algebra over a field F of characteristic 0. The symmetric group S n acts on the spaces
by permuting the variables. Irreducible F S n -modules are described by partitions λ = (λ 1 , . . . , λ s ) ⊢ n and their Young diagrams
is called the nth cocharacter of polynomial H-identities of L. We can rewrite χ
(sign σ)σ, be Young symmetrizers corresponding to a Young tableau T λ . Then
is an irreducible F S n -module corresponding to a partition λ ⊢ n. We refer the reader to [2, 7, 8] for an account of S n -representations and their applications to polynomial identities.
In the next two lemmas we consider a finite dimensional H-module Lie algebra L with an H-invariant nilpotent ideal N where H is a Hopf algebra over a field F of characteristic 0 and
is the natural projection. Define the number d by (2) .
Proof. It is sufficient to prove that e * T λ f ∈ Id H (L) for all f ∈ V n and for all Young tableaux T λ corresponding to λ.
Fix a basis in L that is a union of bases of κ(B 1 ), . . . , κ(B q ) and N. Since e * T λ f is multilinear, it sufficient to prove that e * T λ f vanishes under all evaluations on basis elements. Fix some substitution of basis elements and choose 1 i 1 , . . . , i r q such that all the elements substituted belong to κ(B i 1 ) ⊕ . . . ⊕ κ(B ir ) ⊕ N, and for each j we have an element being substituted from κ(B i j ). Then we may assume that dim(
f is zero by the definition of d. Note that e * T λ = b T λ a T λ and b T λ alternates the variables of each column of T λ . Hence if e * T λ f does not vanish, this implies that different basis elements are substituted for the variables of each column. Therefore, at least s k=d+1 λ k p elements must be taken from N. Since N p = 0, we have e
n for all n ∈ N. In the case d = 0, the algebra L is nilpotent. , 0 and a kj ∈ L. Since N is nilpotent, we can increase q i adding to {a ij } sufficiently many elements of N such that
Recall that κ is a homomorphism of algebras. Moreover π(hκ(a) − κ(ha)) = 0 implies hκ(a) − κ(ha) ∈ N for all a ∈ L and h ∈ H. Hence, by (3), if we replace κ(b i ) in
with the commutator of κ(b i ) and an expression involving κ, the map κ will behave like a homomorphism of H-modules. We will exploit this property further.
In virtue of [11, Theorem 11] , there exist constants m i ∈ Z + such that for any k there exist multilinear associative H-polynomials f i of degree (2kd i + m i ), d i := dim B i , alternating in the variables from disjoint sets X . In addition, we choosef 1 fork = n−2kd−m 1 2d 1 +1 and B i 1 using [11, Theorem 11] once again. The polynomials f i will deliver us the required alternations. However, the total degree of the product may be less than n. We will usef 1 to increase the number of variables and obtain a polynomial of degree n.
By [11, Theorem 11] , there existx i1 , . . . ,x i,2kd i +m i ∈ B i such that ℓj with the products of elements from ad B i and H, and the expression will not vanish for some choice of the products. By the definition of an Hmodule algebra, h(ad a)b = ad(h (1) a)(h (2) b) for all h ∈ H and a, b ∈ L. Hence we can move all elements from H to the right. As we have mentioned, κ is a homomorphism of algebras and, by (3), behaves like a homomorphism of H-modules. Hence we get 
